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ABSTRACT

An algebra is inherently non-finitely (Q-)based if it is not a member
of any locally finite (quasi-)variety, whose (quasi-)identities are finitely
based. We prove that no finite semigroup is inherently non-finitely Q-
based. This is in marked contrast to the case of varieties, where there are
many inherently non-finitely based finite semigroups which have all been
described by the second author.

1. Introduction

Let us first recall some basic facts and definitions from universal algebra (see
[Malcev], [Cohn]). A variety is a class of universal algebras given by identities,
i.e. formulas of the type

(Vz1,...,zn)u=v

where u = u(z1,...,2,) and v = v(zy,...,,) are terms. For example, the class
of all abelian groups is a variety of groups given by the identity (Vz,y) zy = yz.
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A quasi-variety is a class of universal algebras given by quasi-identities,
i.e. formulas of the type

(Vzy, .. xp) u = 01& &y, =V mu=v

where u;, v, u, v are terms of variables z1,...,z, (see [Malcev] for details). For
example, the class of all torsion free groups is a quasi-variety of groups given by
the following infinite set of quasi-identities:

{zP =1 — z = 1|p is a prime}.

Here and below we do not write quantifiers in the expressions of identities and
quasi-identities.

By theorems of Birkhoff and Malcev one can also define a variety as a class
closed under taking direct products, homomorphisms, and subalgebras, and one
can define a quasi-variety as a class closed under taking direct products, sub-
algebras, and ultraproducts [Malcev]. Given any algebra A one can define the
variety var A (quasi-variety qvar A) generated by A as the minimal variety (quasi-
variety) containing A. If A is finite then qvar A consists just of all subalgebras
of direct products of A [Malcev]. To obtain the variety var A, one has to take all
homomorphic images of algebras from qvar A.

It is almost clear that if A is finite then both var A and gvar A are locally
finite, i.e. all finitely generated algebras from these classes are finite. The con-
verse statement is not true: Not every locally finite variety (quasi-variety) is
generated by a finite algebra.

One of the main problems in the theory of varieties and quasi-varieties is the
problem of describing all finite algebras A such that var A (resp., qvar A) may be
given by a finite number of identities (resp., quasi-identities). An algebra A with
var A (qvar A) given by a finite number of identities (quasi-identities) is called
finitely based (finitely Q-based).

Every finite group is finitely based. This is the well known and difficult theorem
of Oates and Powell [Neumann]. A finite group is finitely Q-based if and only if
its Sylow subgroups are abelian. This is a theorem of Ol’shanskii [Olsh]. Thus
in the case of groups complete information is known.

In the general case the situation is far more complicated. There is the McKenzie
type reduction theorem which reduces the question of the description of finitely
based finite algebras to the case of groupoids (algebras with one binary operation)
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[McKenzie]. In order to reduce the class of algebras which need to be investigated,
Mursky [Mursky] and Perkins [Perkins] introduced the concept of inherently non-
finitely based algebras.

A finite universal algebra is called inherently non-finitely based if it cannot
belong to any locally finite variety given by a finite number of identities.

The importance of this concept is straightforward. If a finite algebra A is
inherently non-finitely based then every finite algebra B having A as a subalgebra
or a homomorphic image is inherently non-finitely based also, and, in particular,
is not finitely based. Indeed, as was mentioned above, var B is locally finite, and
contains A. Thus it is enough to find one inherently non-finitely based algebra
to significantly reduce the class of algebras under investigation.

There is a remarkable theorem of McNulty and Shallon [McNSh] which shows
that the associativity of the operation has much to do with the property of being
finitely based.

THEOREM 1 (McNulty and Shallon): Let A be a groupoid with identity and
zero element. Suppose that A does not satisfy any identity of the type z = f(z)
where f is a non-trivial term. Then A is either inherently non-finitely based or
a semigroup.

Then it turned out that there are plenty of inherently non-finitely based finite
semigroups, and the second author described them all [Sap3], [Sap4]. To present
one of his descriptions, we need the definition of the so called Zimin words. Zimin

words are defined by induction:
Zl = L1y eey Zn+1 = Zn.fL‘n+1Zn.

THEOREM 2 (M. Sapir): A finite semigroup S is inherently non-finitely based iff
S does not satisfy a non-trivial identity of the type Z, = W where n = |S|? and
W is any word different from Z,,.

Using the fact that var S is locally finite, it is easy to verify that Theorem 2
gives an effective description of all finite inherently non-finitely based semigroups.

These results (and many others which we cannot mention here for obvious
reasons) show that the investigation of finite finitely based algebras, though not
complete, is quite successful.

The concept of an inherently non-finitely Q-based finite algebra is similar
to that of an inherently non-finitely based finite algebra, and was explicitly
introduced by Pigozzi in 1988 [Pigozzi):
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A finite universal algebra is called inherently non-finitely Q-based if it
cannot belong to any locally finite quasi-variety given by a finite number of quasi-
identities.

But unlike the case of inherently non-finitely based algebras, there are no
known examples of finite inherently non-finitely Q-based algebras. It seems to be
difficult to construct such an example. This is strange because one can present
very many examples of finite algebras with a slightly weaker property:

A finite algebra A is called basic [Sapl] if every finite algebra B containing A
is not finitely Q-based.

From the results of OF'shanskii [Olsh], and Sapir [Sapl], it follows that every
finite group and even every finite semigroup without two-sided ideals is either
basic or finitely Q-based. In particular, every finite non-abelian nilpotent group is
basic. From the results of [Sap2], it follows that many other classes of semigroups
also contain basic semigroups.

This makes the following theorem, which is the main result of this paper, very
surprising.

THEOREM 3: Every finite semigroup belongs to a locally finite finitely based

quasi-variety, i.e. there is no inherently non-finitely Q-based finite semigroup.

The Pigozzi problem of whether there exists an inherently non-finitely Q-based
finite algebra remains open*. As was mentioned in [Pigozzi], this problem is
closely connected with the following one: For every finite algebra A, is there
a finitely based quasi-variety between qvar A and var A (see [Pigozzi], problem
9.11)? It is clear that if this problem has a positive solution then there are no
inherently non-finitely Q-based finite algebras. This problem is related to the
following problem from logic: Can the set of tautologies of any finite matrix be
deduced from finitely many tautologies by using finitely many inference rules
(all necessary definitions and other interesting related problems may be found in
[Rautenberg] and [Pigozzi])?

Now it’s time to mention a connection between identities, quasi-identities and
symbolic dynamics. First of all we can reformulate the definitions of inherently
non-finitely based and inherently non-finitely Q-based algebras in order to show
that the problem of showing that an algebra is inherently non-finitely (Q-)based

* We have learned while this paper was in press that such an algebra has been
constructed by Lawrence and Willard in [LW].
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is in fact a Burnside type problem about infinite algebras.

LEMMA 1: A finite algebra A is inherently non-finitely (Q-)based iff for every n
there exists an infinite finitely generated algebra B, such that all n-generated
subalgebras of B,, belong to (q)var A.

Proof: Let A be an inherently non-finitely (Q-)based algebra. Then the (quasi)-
variety defined by all (quasi-)identities of A containing no more than n variables
is finitely based (see [Malcev]). Hence this (quasi-)variety cannot be locally finite.
Therefore it contains a finitely generated infinite algebra B,. Every n-generated
subalgebra of this algebra satisfies all (quasi-)identities of A, and so it belongs to
{(q)var A.

Conversely, suppose A is not inherently non-finitely (Q-)based, but such alge-
bras B, exist. Since A is not inherently non-finitely (Q-)based, there exists a
finitely based locally finite (quasi-)variety V containing A. Let n be the number
of variables in (quasi)-identities which define V. Then all these (quasi-)identities
hold in the algebra B,,. Therefore B, € V. This contradicts the facts that V is
locally finite and B, is infinite and finitely generated.

By this lemma, in order to prove that a semigroup is not inherently non-
finitely (Q-) based, we have to prove the finiteness of certain finitely generated
semigroups. As was shown in [Sap3] (see the remark before Lemma 9 below)
there is a natural way to assign to each finitely generated semigroup S, a sym-
bolic dynamics £(S), i.e. a closed subset of the (Tikhonov) product space X%
which is stable under the shift homeomorphism (this homeomorphism shifts every
sequence from XZ one position to the right). This symbolic dynamics consists of
all irreducible infinite (in both directions) words over the set of generators of S.
Many important properties of (S} reflect useful properties of S. In particular
the fact that every symbolic dynamics contains a uniformly recurrent trajectory,
plays an important role in the proof of finiteness of finitely generated semigroups
(see [Sap3], [Sap5]).

Another important idea that we are going to present in this paper is that
there exists a connection between quasi-identities of semigroups and identities of
inverse semigroups. Recall that an inverse semigroup is a semigroup S such that
for all z in S there is a unique y in S such that z = zyz and y = yxy. It is known
[Petr] that a semigroup is inverse if and only if it is isomorphic to a semigroup of
partial bijections on a set X, that is closed under inversion of partial functions.
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Furthermore S is inverse if and only if for each z in S, there is an element y in
S such that £ = zyx and ef = fe for all idempotents e, f in S.

It follows that (just as for groups) inverse semigroups can be considered as
a semigroup with additional unary involutary operation ~!. Inverse semigroups
are a variety defined by the associative law, the involution laws and the following

laws: zz~!

r =z, sz lyy™! = yy~lzxz! (see [CP], [Petr]). In particular the
famous Perkins semigroup [Perk1], the multiplicative semigroup of the following

matrices

(GGG n006N0}

is an inverse semigroup where ~! is the operation of transposition. It was proved
in [Sap3] that a Perkins semigroup considered as a semigroup is inherently non-
finitely based . Recently the second author [Sap5] proved that a Perkins semi-
group considered as an inverse semigroup is no longer inherently non-finitely
based . Moreover, the main theorem of [Sap5] proves that there are no inher-
ently non-finitely based finite inverse semigroups considered as semigroups with
involution. It turned out that the main structural property of inverse semigroups
that is used in the proof of this theorem is expressible by identities. In the case of
arbitrary semigroups an analogous property is only definable by quasi-identities.
This observation helped us to formulate and prove the main theorem of this
paper.

2. Proof of Main Theorem

Let S be a semigroup. Recall that Green’s relation R [CP] is defined by sRt
iff sS! = tS1. We define sR*t if and only if sT! = tT! in some semigroup
T containing S. The following “internal” characterization of the relation R* is
known [L]. We include the proof here for the sake of completeness.

LEMMA 2: Let S be a semigroup. Then sR*t if and only if for all x,y € S,

T8 =ys <>zt = yt.

Proof: Assume that sR*t. Then sT! = tT! in some semigroup T containing S.
Thus there are elements u,v € T? such that su =t and tv = s. Let z,y € S!.
Then zs = ys implies that xt = zsu = ysu = yt. Similarly, xt = yt implies that
s = ys.
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Conversely, assume that zs = ys <= xt = yt. Consider the right regular
representation p: S — Fg(S!) from S into the monoid Fg(S?!) of functions acting
on the right of (the set) S!. It is easy to check [CP] that for any set X, two
functions f,g € Fr(X) satisfy fFgr(X) = gFr(X) if and only if Ker(f) = Ker(g)
where Ker(f) = {(z,y)| zf = yf}. Clearly the condition zs = ys < zt = yt
is equivalent to the fact that Ker(p(s)) = Ker(p(¢)) and thus (identifying S with
p(S)) we have sRt in Fg(S') so that sR*t.

It is easy to verify that R* is a left congruence and that R C R* on any
semigroup S. We will also be interested in the associated quasi-order <g- on S
defined by s <g- t iff s <g t in some T containing S, that is sT* C tT!.

LEMMA 3: Let S be a semigroup. Then s <g-. t if and only if

rt =yt = s = ys.

Proof:  Similar to Lemma 2 using the fact that f <g g in Fg(X) if and only if
Ker(g) C Ker(f).

Recall that an element x of a semigroup S is regular if there is a y € § such
that xyz = z. It is known that z is regular iff there is an idempotent e = €2 € §,
such that eRx. In this case ex = x. S is a regular semigroup if every element of

S is regular.

LEMMA 4: Let S be a semigroup and let x,y € S. If x and y are regular and
z <R- vy, then x <g y. In particular, if S is a regular semigroup, then <p.=<x
and R* = R.

Proof: Suppose z <r- y. Let e = ¢?Rz and f = f*Ry where e, f € S. Let T~
be such that z <% y in T. Then = = yt for some t € T*. Let s € S be such

that s = e. Then e = yts so that e <g» y. Since yRf, and R C R* C<p~

we have e <g- f. Thus e = ft' for some t € T and thus e = fe. Therefore

T = er = fex = yzexr, where yz = e,z € S'. Therefore, r = y(zex) and since

zer € S, we have x <g y.

Let A = {aj,a2,...} be a countable alphabet. Let u,v € A*, the free semi-
group on A. We say that a semigroup S satisfies u <g- v (u < v, uR*v,
uRwv) iff for all homomorphisms ¢ : AY — S, u¢p <p- v¢ (up <p vé, upR*v¢,
udpRve).
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LEMMA 5: Let S be a semigroup and let u,v € AY. Let = and y be variables
in A, not occurring in either u or v. Then S satisfies u <g~ v if and only if S

satisfies the quasi-identity zv = yv = zu = yu.

The proof of Lemma 5 is clear given Lemma, 3.

COROLLARY 1: Let u,v € A*. Then Q(u,v) = {S| S satisfiesu <g- v} is a
quasi-variety of semigroups.

Notice that in general, the class {S| S satisfies u < v} is not a quasi-variety.
For example, the group of integers Z satisfies x <z y, but the semigroup of
natural numbers N < Z does not satisfy this condition. We note however that

for inverse semigroups in signature (2, 1) we have a stronger result.

LEMMA 6: Let u and v be in the free inverse semigroup on A, FIS(A). Then

V(u,v) = {S] S is an inverse semigroup satisfying u <p- v}
= {S| S is an inverse semigroup satisfying u <g v}

= {S| S satisfies the identity uulvv~?

=uu~'}.
Proof: The first equality follows from Lemma 4. The second equality follows

from the known fact that u <z v in an inverse semigroup iff vu~lvo~! = uu=1.

COROLLARY 2: V(u,v) defined above is a variety of inverse semigroups.

Thus the condition “S satisfies u <g+ v” can be defined by an identity in
the variety of inverse semigroups, but only a quasi-identity in the variety of
semigroups. This is the main difference between the main result of this paper
and that of [Sap5].

We say that a semigroup is of finite height h, if the longest chain s; <z s2 <g
-+- < 8k has length h. Recall the definitions of the Zimin words Zy = 21, Z,4; =
ZnTnt1Zn where 2,41 is a new variable. We define Z,, to be the prefix of Z,
consisting of all but the last letter. (It is easy to see that the last letter of Z,, is
zy.) Thus if we let Z} = 1, the empty word, we have Z |, = Z,2,4,Z], for all
n>1

LEMMA 7: Every semigroup of finite height h satisfies Z, RZ, withn = h + 1.

Proof: Since Z, = Z,x,, it is clear that every semigroup satisfies Z, <r Z,,.
Now assume S has height h. Let ¢ : {z1,...,2,}t — S. We must show that
Z,¢RZ! ¢ in S where n = h+1. First note that it suffices to prove that Z;¢RZ]¢
for some 7 < n. This is because an easy induction shows that if i < n, then Z, =
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Y;Z; and Z] = Y;Z! where Y; = Z;xi11Z;%iv2- - ZiTn - Z;ziy1. Therefore
Z;9RZ!¢d = Zn¢ = (Y Z;)¢R(Y: Z))pR Z, ¢ since R is a left congruence.

Now Z4¢ >R Z2¢ >r Z4¢--- >r Zd >r Zn¢ is an R-chain in S. Since
n > h, one of the inequalities Z/¢ >» Z;¢ cannot be strict and thus Z!¢RZ;¢
as desired.

COROLLARY 3: Let S be a semigroup of height h. Let x,y be variables not
among {x1,...,2Z,} where n = h + 1. Then S satisfies the implication

2y = YyZn = zZ), = yZ,.

Proof: By Lemma 7, S satisfies Z,RZ),. So S satisfies Z! < Z, and thus
Z!, <R+ Znp. The result follows from Lemma 5.

Remarks: (1) Of course, the condition Z,RZ/, is stronger than Z], <p- Z,, but
only this last condition can be defined by quasi-identities.

(2) Let Qn = {S| S satisfies Z, = yZ, = zZ], = yZ]}. Then Q, is a
quasi-variety. Notice that @; = {S| S is right cancellative}, so more generally
Q. consists of semigroups in which every element z; cancels in the context of
left factors of the form (xZ),yZ.).

It is known and easy to prove that a right cancellative semigroup S (i.e. a
member of Q1) is locally finite if and only if S is periodic and all subgroups of S
are locally finite. The following non-trivial lemma is an extension of this result
to @n and is a key to the proof of the Main Theorem.

LEMMA 8: Letn > 1 and let S € Q.. Then S is locally finite if and only if S
is periodic and all subgroups of S are locally finite.

Proof: Clearly if S is locally finite, then S is periodic and all subgroups of S
are locally finite. Assume then that S is a periodic semigroup in @,, and that all
subgroups of S are locally finite.

In the proof of this lemma we will crucially use so-called uniformly recurrent
words. Let us recall some definitions and results.

Let X be a finite alphabet, X% be the set of all sequences infinite in both
directions. We simply refer to these as infinite words. An infinite word W is
called uniformly recurrent if for every set of (finite) subwords wy, ... wy of W
there exists a number N such that every subword of W length N contains all
wi,t = 1,...,k. It is an easy corollary from [Fur] (see [Sap3] for details) that
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for every infinite word W there exists a uniformly recurrent word W’ such that
every subword of W’ is a subword of W.

The following argument which first appeared in [Sap3] makes uniformly recur-
rent words a very useful tool in dealing with Burnside type problems.

Let S = (X) be an infinite finitely generated semigroup (the same argument
may be applied for any universal algebra). Then there is an infinite set T of words
over X such that every element of S represented by a word of T cannot be rep-
resented by words over X of less length. Such words will be called irreducible.
It is clear that every subword of an irreducible words is also irreducible. Now, in
every word of T, mark a letter which is closest to the center of these word. There
must be an infinite subset 77 of T which have the same marked letters, an infinite
subset Tp of Ty of words which have the same subwords of length 2 containing
the marked letters, ..., an infinite subset T}, of T,,_1 of words which have the
same subwords of length n containing the marked letters, and so on. Therefore
there is an infinite word W such that every subword of W is a subword of a
word from T. Thus every subword of W is irreducible. Infinite words with this
property will be called irreducible too. As was mentioned above there exists an

uniformly recurrent irreducible word W’. Therefore we have proved the following
result (see [Sap3]).

LEMMA 9: For every infinite finitely generated semigroup S = (X) there exists
a uniformly recurrent irreducible word over X .

The proof of the following lemma is (a small) part of the proof of proposition
2.1 in [Sap3].

LEMMA 10: Let U be a uniformly recurrent word, UyaUs be an occurrence of
letter a in U where U, is a word infinite to the left, Uy is a word infinite to the
right. Then for every natural number n there exists an endomorphism ¢ of the
free semigroup such that Usdn(Z,) = Usa for some word Us infinite to the left,
on(z1) = a, and |,(2,)| < A(n,U) where the number A(n,U) depends only on
U and n.

Proof: For n =1 the statement is trivial. Suppose that we have found A(n,U)
and ¢,. Let N be big enough that every subword of U of length N con-
tains any subword of U length A(n,U). Then we can represent Uzd,(Z,) as
Usdn(Zn)vdn(Z,) for some word Uy, infinite to the left, and finite nonempty
word v, [v] < N. Let ¢pnt1(zi) = dn(x;) for i < n and ¢ny1(zn41) = v. Then
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U16 = Usdns1(Zn41) = Usdn(Zn)von(Z,) and ¢ny1(x1) = a. Therefore we can
let A(n+1,U) =N +2A(n,U). The lemma is proved.

LEMMA 11: Let U be a uniformly recurrent word. Let u and v be consecutive
subwords of U with |u| > A(n,U). Then Q, satisfies uvR*u, that is, Q,, satisfies
the quasi-identity xuv = yuv = ru = yu.

Proof: Let p be the longest prefix of v such that the implication zup = yup =
zu = yu follows from the defining implication of @,. If p = v we are done.
Otherwise v = paq for some a € A, ¢ € A*. Since upa is a subword of U
and |upa] > A(n,U), we can write upa = u1¢(Z,) for some homomorphism
¢: {z1,...,o,}T — AT where ¢(z1) = a, by Lemma 10. It follows that up =
u19(2%). Therefore, zupa = yupa = ru1¢(Z,) = yu1¢(Z,) = (by definition
of Qn) zurd(Z)) = yurd(Z)) = zup = yup = zu = yu. This contradicts the
choice of p and the Lemma is proved.

We can now complete the proof of Lemma 7. Suppose that there exists a
periodic infinite finitely generated semigroup S = (A) which belongs to Q..
Then, by Lemma 9, there exists a uniformly recurrent irreducible word U over
A.

Let u be a subword of U of length A(n,U). Since U is uniformly recurrent
we can write U in the form U = ---uvjuvpuvs - -- where for all 4, |uv;| < B
for some constant B. By Lemma 11, S satisfies uR*uv;u for all i. Therefore,
u = uv;ut; for some ¢; € T; and some semigroup T; containing S. It follows that
u = (uv;)"ut? for all n > 0. Since uv; € S and S is periodic, e; = (uv;)" is an
idempotent for some n > 0. It follows that « = e;u. That is, u = (uv;)™u so that
(uv;)"*! = uv;. It follows that uv; is in a subgroup of S and that uv;Ru in S.

We now have for any 4,j € Z the idempotents e; and e¢; generate the same
principal right ideal. It is easy to check that this is equivalent to the fact that
eie; = ¢; and eje; = e;. Let G; be the maximal subgroup of § whose idempotent
is e;. It follows easily that right multiplication by e; induces an isomorphism
from G; to G;. Thus for all integers ¢ and all k > 0, all products (wv;_) - - - (uv;)
are in the same subgroup G; of S. Each such product can be rewritten as:
[(wvik)es] - - . [(uvi—1)e;)(uv;) where e = (uv;)® = e? is the identity element
of G;. All products above are in the subgroup H; of G, generated by X; =
{(uwv;), (uvi—;)(uv;)"|j > 0}. But each element of X; has length bounded by
(n+1)B and so X; is finite. Therefore H; is finite and it follows that there are
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J # k such that (uv;_j;)---(uv;) = (wvi—k)--(uv;). This contradicts the fact
that U is irreducible and completes the proof.

We have the following interesting corollary of the above proof.

LEMMA 12: Let ¢: X+ — § be a surjective homomorphism and let S be periodic
and in Q. Let U be a uniformly recurrent word over X. Then there is a natural
number B such that if u and v are subwords of U of length > B, then u¢ and v¢
generate the same two sided ideal. Furthermore, if u is a subword of U of length
> B, then u¢ is regular.

Proof: First note that since U is recurrent, U contains only a finite number of
letters. Let A(n,U) and B be the constants constructed in the above proof. We
have seen that if u is a subword of U, |u| > B, then u¢ is a regular element
of S. Let v be any subword of U. Since U is uniformly recurrent , uzvyu is a
subword of U for some z,y € XT. The proof above implies that uzvyRu in S,
that is (urvyz)¢ = ug for some word z € X*. Therefore ug is in the two sided
ideal generated by v¢. We have shown that an arbitrary subword of U of length
> B is in the two sided ideal generated by any subword of U. Therefore any two
subwords of U of length > B generate the same two sided ideal.

In the language of the Green relations [CP], the above corollary shows that
long enough subwords of a uniformly recurrent word are J-equivalent when
mapped into a member of Q,. This corollary can be thought of as a proof that
periodic members of Q,, satisfy a “uniform descending chain condition”. That is,
uniformly recurrent words only represent elements from a finite number of distinct
principal two sided ideals. See [Sap5] for an example of a periodic semigroup in
Q3 that does not satisfy the descending chain condition on principal two sided
ideals.

We now complete the proof of the Main Theorem. Let S be a finite semigroup
of height h, and let qvar(S) be the quasi-variety generated by S. Then S € @,
for any n > h. It is easy to see that the intersection of qvar(S) and the class of
all groups is the quasi-variety generated by all subgroups of S, or equivalently,
the quasi-variety generated by G the direct product of all subgroups of S. This
quasi-variety is contained in var(G), the variety generated by G. Now var(G)
is defined by one identity v(z1,...,Zm) = 1, by the theorem of Qates-Powell.
We may suppose that m > h. Let F = Fm(qvar(S)) be the free object in the
quasi-variety generated by S on m generators. It is well known that F is a finite
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semigroup so has a minimal idempotent e. Let u be a word that represents e in
F. Then S satisfies the identity:

(1) u =’

For every element = of F', exe belongs to the maximal subgroup of F' that has e
as identity element. Therefore, S satisfies the identity

(2) v(uz1u, . .., Uz, u) = u.

Also § satisfies P = zP*9 for some p > 0, ¢ > 0.

We have seen that S is in the quasi-variety ¢ defined by the implication 2Z,, =
yZn = xZ}, = yZ,, identity =7 = zP*9, and identities (1), (2). Now any group
H satisfying (1) and (2) satisfies v = 1. Thus H € var(G) and therefore H is
locally finite. Therefore Q is locally finite by Lemma 8 and we are done.
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